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Abstract

and Gaussian process and observation noises, called the Gaussian Mixture PHD filter [3]. The PHD is approximated at each
stage with a mixture of Gaussians, where the means and covariances of the Gaussian components are calculated according
to the Kalman filter equations, and the weights are calculated
according to the PHD filter equations.
It is a common misperception that target trajectories can not
be maintained with the PHD filter since in the original formulation methods for target state estimation and track continuity
were not explicitly defined [2]. In the Gaussian mixture implementation, the multiple target states are estimated by taking
the Gaussian components with highest weights and tracks can
be maintained by labelling the Gaussian components [4]. More
complex methods for dealing with target resolution uncertainty
have been developed using this approach as a basis [5]. These
techniques are also directly applicable to other Gaussian mixture intensity based filters such as the Cardinalized PHD filter [6] and to the methods described in this paper. However,
since the main focus of the paper is on different Gaussian filtering techniques and not track continuity, we do not exploit these
techniques here.
In this paper, we investigate strategies for calculating the
Gaussian mixture recursion with non-linear motion and observation models. If the posterior distribution can be approximated
by a Gaussian density, then the core objective is to find techniques for Gaussian quadrature. Approaches for this include
sigma-point filters such as the unscented Kalman filter, central difference, and divided difference filters. Other approaches
which have been studied include Gauss-Hermite quadrature,
which computes the integral exactly, and Quasi-Monte filtering, which attempts to deterministically choose sample points
to calculate the density more efficiently than standards Monte
Carlo integration. These techniques are based on approximating the means and covariances in the Kalman filter recursion.
An alternative approach uses Monte Carlo integration and importance sampling to approximate the integrals in the Bayes filter directly, called the Gaussian Particle filter [7]. Based on the
Gaussian mixture framework, we compare different strategies
for approximating the PHD recursion under non-linear target
dynamics.

The Probability Hypothesis Density (PHD) filter is a multipletarget filter for recursively estimating the number of targets and
their state vectors from sets of observations. The filter is able
to operate in environments with false alarms and missed detections. Two distinct algorithmic implementations of this technique have been developed. The first of which, called the Particle PHD filter, requires clustering techniques to provide target
state estimates which can lead to inaccurate estimates and is
computationally expensive. The second algorithm, called the
Gaussian Mixture PHD (GM-PHD) filter does not require clustering algorithms but is restricted to linear-Gaussian target dynamics, since it uses the Kalman filter to estimate the means
and covariances of the Gaussians. This article provides a review of Gaussian filtering techniques for non-linear filtering
and shows how these can be incorporated within the Gaussian
mixture PHD filters. Finally, we show some simulated results
of the different variants.

1 Introduction
The multiple-target tracking framework based on random-sets
was proposed to unify the problems of detecting, identifying, classifying and tracking targets within a unified Bayesian
paradigm [1]. An optimal multi-target Bayes filter, analogous
to the single target Bayes filter, can be derived which propagates a multi-target posterior density in time. The complexity
of computing this recursion grows exponentially with the number of targets and is thus not practical for more than a few targets. The Probability Hypothesis Density (PHD) filter was proposed as a practical suboptimal alternative to computing the full
multiple-target posterior distribution by propagating the firstorder moment statistic [2]. This approach has led to efficient
multiple target tracking algorithms for jointly estimating the
number of targets and their states from a sequence of observation sets with data association uncertainty, missed detections,
false alarms and noisy measurements.
A closed-form solution to the PHD filter was derived under linear assumptions on the system and observation equations
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Gaussian Filtering

The single-target filtering problem is to estimate recursively in
time, the probability distribution p(xk |Z k ) of the signal, where
x0:t := {x0 , ..., xk } be an unobserved signal process of dimension n that we wish to estimate, and Z k := σ({z1 , ..., zk }) be the
σ-algebra generated by noisy observations of dimension m ≤ n
1

which can be computed with
related to this process.
Expressed in Bayesian terms, the problem is to estimate rex̂k = x̂k|k−1 + Kk (zk − ẑk|k−1 )
(12)
cursively in time the posterior distribution, pk (xk |Z k ). The posterior distribution is predicted according to the transition denPk = (I − Px,z,k|k−1 )Pk|k−1
(13)
sity fk|k−1 (xk |xk−1 ),
where the Kalman gain Kk , predicted measurement ẑk|k−1 , inZ
novation
covariance Sk|k−1 , and covariances Px,z,k|k−1 and Pz,z,k
pk|k−1 (xk |Z k−1 ) = fk|k−1 (xk |xk−1 )pk−1 (xk−1 |Z k−1 )dxk−1 .
are given by
(1)
−1
Kk = Px,z,k|k−1 Sk|k−1
(14)
When the new measurement, zk , has been observed, the posteZ
rior is updated with the likelihood gk (zk |xk ) according to Bayes’
ẑk|k−1 = hk (xk )N (xk x̂k|k−1 , Pk|k−1 )dxk
(15)
rule,
Sk|k−1 = Rk + Pz,z,k
(16)

gk (zk |xk )pk|k−1 (xk |Z k−1 )
T
Px,z,k|k−1 = E (xk − x̂k|k−1 )(hk (xk ) − ẑk|k−1 )
(17)
. (2)
pk (xk |Z k )
=R
gk (zk |xk )pk|k−1 (xk |Z k−1 )dxk

T
Pz,z,k = E (hk (xk ) − ẑk|k−1 )(hk (xk ) − ẑk|k−1 ) . (18)
Gaussian filtering is a special case of the nonlinear filtering problem which is restricted to Gaussian distributions with In the next few subsections, we present different methods of apGaussian state and observation models, so we assume that each proximating the Gaussian filter with nonlinear dynamical and
target follows a Gaussian dynamical and observation model i.e. observation models. The next three subsections are based on
methods for calculating the predicted mean and covariance, in
fk|k−1 (x|ζ) = N (x; ϕk−1 (ζ), Qk−1 ),
(3) equations (7) and (8), and then computing (14-18) in order to
gk (z|x) = N (z; hk (x), Rk ).
(4) compute the mean and covariance update, in equations (12) and
(13). The technique presented in the final subsection takes a
When functions ϕk−1 and hk are linear and the process and ob- different approach in that it attempts to approximate the Gausservation noises, Qk−1 and Rk , are Gaussian, then the optimal sian Bayes recursion, in equations (5) and (6), directly through
estimate is given by the Kalman filter [8], which can be written Monte Carlo integration and importance sampling.
as the following closed form version [9] of the Bayes filter,

N (x; Fk−1 mk|k−1 , Pk|k−1 ) =

N (x; mk (z), Pk|k ) =

Z

2.1 Taylor Series Extensions

fk|k−1 (x|ζ)N (ζ; mk−1 , Pk−1 )dζ

gk (z|x)N (x; mk|k−1 , Pk|k−1 )
,
N (z; ẑk|k−1 , Sk|k−1 )

The extended Kalman filter linearises about the current mean
(5) and covariance using Taylor series expansions. The nonlinear
functions, ϕk−1 and hk can then be expanded in terms of their
(6) Taylor series,

ϕk−1 (xk ) = ϕk−1 (x̂k|k ) + Fk (xk − x̂k|k ) + . . .
(19)
where ϕk−1 (x) = Fk−1 x and hk (x) = Hk x here, ẑk|k−1 is the prehk (xk ) = hk (x̂k|k ) + Hk (xk − x̂k|k ) + . . .,
(20)
dicted measurement and Sk|k−1 is the innovation covariance.
Since a Gaussian is uniquely characterised by its mean and
covariance, it suffices to find the recursion in terms of these two where Fk−1 and Gk−1 are the following partial derivatives remoments. The predicted state estimate and covariance to time quired for the state equation,
k are
∂ϕk−1 (xk−1 )
∂ϕk−1 (x̂k−1 , wk−1 )
Z
Fk−1 =
, Gk−1 =
,
∂xk−1
∂wk−1
xk−1 =x̂k−1
wk−1 =0
x̂k|k−1 = ϕk−1 (xk−1 )N (xk−1 ; mk−1 , Pk−1 )dxk−1
(7)
(21)
Z
(xk − x̂k|k−1 )(xk − x̂k|k−1 )T N (xk , ϕk−1 (mk−1 ), Qk )dxk

Pk|k−1 =

and similarly Hk and Uk are the partial derivatives required for
(8) the measurement equation,

=Qk +

Z

(ϕk−1 (xk−1 ) − x̂k|k−1 )

(9)

Hk =

×(ϕk−1 (xk−1 ) − x̂k|k−1 )T N (xk−1 ; mk−1 , Pk−1 )dxk−1

∂hk (x̂k|k−1 , εk )
∂hk (x)
,Uk =
∂x x=x̂k|k−1
∂εk

εk =0

.

(22)

Higher order expansions can also be found, such as the trunWhen a measurement is received, the updated mean x̂k and cocated or modified second order filter [10], or iterated extended
variance Pk are given by
Kalman filters [11].
x̂k = E(xk |Z k )
=

Z

Z

2.2 Stirling’s Interpolation

xk N(x; mk (z), Pk|k )dxk ,

Pk = E((xk − x̂k )(xk − x̂k )T |Z k )
=

(10)

(xk − x̂k )(xk − x̂k )T N(x; mk (z), Pk|k )dxk ,

The divided difference filter is based on polynomial approxima(11) tion of a non-linear function using Stirling’s interpolation [12].
The advantage of this expansion over the Taylor series expansion used in the extended Kalman filter is that it does not require
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calculation of Jacobians. The first order version is also known 2.3 Gauss-Hermite Quadrature
as the Central Difference filter [13].
Define P1/2 to be the (lower) Cholesky square root matrix of The Gauss-Hermite filter [13] uses the Gauss-Hermite quadracovariance matrix P, so that P = P1/2 (P1/2 )T , and let h2 = 3. ture rule to compute the integral
The non-linear function ϕk−1 can be written in the form
Z
m
1/2
wi ϕk−1 (xi ),
(33)
ϕ
(x)
N
(x;
m,
P)dx
=
k−1
∑
ϕk−1 (x) = ϕk−1 (P z) =: ϕ̃k−1 (z),
(23)
i=1

which can be approximated using Stirling’s interpolation forwhich holds for all polynomials up to degree 2m − 1 with
mula,
quadrature points xi . Let J be thep
symmetric tridiagonal matrix
1
(24) with zero diagonals and Ji,i+1 = i/2 for 1 ≤ i ≤ m − 1. Then
ϕ̃k−1 (ẑ) + D̃∆z ϕ̃k−1 (z) + D̃2∆z ϕ̃k−1 (z) + . . . ,
2
xi are the quadrature points and the weights are wi = ([vi ]1 )2 ,
2
where D̃∆z and D̃∆z are the first and second order divided dif- where vi is the ith normalised eigenvector of J. The integral is
approximated with
ference operators defined by
D̃∆z ϕ̃k−1 (z) =
(25)


nx
1
∑ ∆zi ∆ϕk−1(ẑ + h[P1/2]i ) − ∆ϕk−1(ẑ − h[P1/2]i )
2h i=1

m

m

i1

in

Im = ∑ · · · ∑ wi1 · · · win ϕk−1 (qi1 , . . . , qin )

(34)

√
where qi = x1 / 2 for 1 ≤ i ≤ m − 1., which is exact for all
polynomials up to degree 2m − 1 .
1
(26)
D̃2∆z ϕ̃k−1 (z) = 2 ×
The Unscented Kalman filter [14] is a specific instance of the
h

Gauss-Hermite filter which is exact for all quadratic polynominx
, A set of sigma-points are chosen so that their mean and
∑ (∆zi )2 ∆ϕk−1 (ẑ + h[P1/2]i ) − ∆ϕk−1(ẑ − h[P1/2]i ) − 2ϕ̃k−1(ẑ) als.
i=1
covariance are x̂k−1 and Pk−1 . The non-linear transform is applied to each of the points to obtain a set of transformed points
where [P1/2 ]i is the ith column of matrix P1/2 .
with mean x̂k|k−1 and covariance Pk|k−1 . If the state dimension
In order to compute equations (14-18), we are required to
is n, then M := 2n + 1 sample points are chosen deterministi(1)
(1)
calculate the divided difference matrices Sxk ,x̂k−1 and Szk ,x̂k|k−1 cally with
for the first order divided difference filter (DD1), and matrices
(2)
(2)
(0)
(0)
Sxk ,x̂k−1 and Szk ,x̂k|k−1 for DD2.
x
=x̂k−1 ,
w
= κ/(n + κ),
and

k−1

k−1

(35)




1 
1/2
(1)
1/2
[Sxk ,x̂k−1 ] j =
ϕk x̂k + h[Pk−1] j − ϕk x̂k − h[Pk−1] j .
2h
(27)

p

(i)
(n + κ)Pk−1 ,
xk−1 =x̂k−1 +

wk−1 = κ/2(n + κ),


p
(i+n)
(n + κ)Pk−1 ,
xk−1 =x̂k−1 −

wk−1 = κ/2(n + κ),

i

We first compute the first order divided difference matrix,



1 
(1)
1/2
1/2
[Szk ,x̂k|k−1 ] j =
hk x̂k + h[Pk|k−1 ] j − hk x̂k − h[Pk|k−1 ] j .
2h
(28)

i

(i)

(36)
(i+n)

(37)

(i)

where κ ∈ R and wk−1 is the weight associated with the ith
sigma point at time k − 1. Similarly, a set of points are computed
for the observation equation hk .
(29)

and the secord-order one,
√
h2 − 1
(2)
(−2ϕk (x̂k )
Sxk ,x̂k−1 =
2
4h




1/2
1/2
+ϕk x̂k + h[Pk−1] j − ϕk x̂k − h[Pk−1] j

2.4 Monte Carlo Integration

The second order divided difference matrix needed for the
update is
√

h2 − 1
(2)
Szk ,x̂k|k−1 =
(30)
−2hk x̂k|k−1
4h2



1/2
1/2
+hk x̂k + h[Pk|k−1] j − hk x̂k − h[Pk|k−1] j .
The mean and covariance can be computed with
1 
1/2
x̂k|k−1 = fk (x̂k−1 ) + 2 f (x̂k−1 + h[Pk−1] j )
2h

1/2
+ f (x̂k−1 − h[Pk−1] j )
(1)
(1)
Pk|k−1 = Sxk ,x̂k−1 (Sxk ,x̂k−1 )T

(2)
(2)
+ Sxk ,x̂k−1 (Sxk ,x̂k−1 )T

+ Qk

The Quasi Monte Carlo Kalman filter (QMC-KF) [15] uses
Quasi Monte Carlo integration [16] to compute the integral of
a non-linear function multiplied by a Gaussian distribution. A
deterministic set points is found by finding a mapping φ that
projects the integration domain to the unit hypercube. Sup( j)
pose that {uk−1 , j = 1, . . . , M} is a quasi-random sequence of
vectors on the unit hypercube [0, 1). These can be transformed
( j)
into a quasi-Gaussian sequence {xk−1 , j = 1, . . . , M} with mean
(31) mk−1 and covariance Pk−1 by performing a Cholesky decompo( j)
T S
sition, so that Pk−1 = Sk−1
k−1 , transforming sequence {uk−1 }
( j)

( j)

( j)

to {yk−1 } via (yk−1 )i = φ−1 ((uk−1 )i ) for each dimension i, and

(32)

( j)

( j)

finally computing xk−1 = mk−1 + Sk−1 yk−1 for j = 1, . . . , M.
3

as M → ∞, which is used as an approximation to the Gaussian

The integral can then be approximated with
Z

ϕk−1 (xk−1 )N (x, mk−1 , Pk−1 )dxk−1 ≈

1
M

M

∑ ϕk−1 (xk−1 ).

N (z; ẑk|k−1 , Sk|k−1 ).

( j)

(42)

j=1

The next section describes the PHD filter methodology and
how the Gaussian filters can be implemented within a mixture
A non-deterministic alternative to the QMC-KF can be framework.
( j)
found by drawing a set of sample points {xk−1 , j = 1, . . . , N}
(38)

(i)

randomly from the Gaussian distribution, so that xk−1 ∼
N (x; mk−1 , Pk−1 ). The integral can be computed with equation (38), where the deteministic points are replaced with the
randomly chosen samples.

3

Random Set Filtering

3.1 Multiple Target Bayes Filtering
The multiple target tracking framework based on random-sets
was proposed by Mahler [2] as a mathematically rigorous attempt to unify the problems of detection, classification and
tracking. The approach uses a Bayesian paradigm for recursively estimating and updating a multi-target density function
based on measurements received at each time-step.
The set of objects tracked at time k is modelled by the point
process or Random Finite Set (RFS)

 


2.5 Gaussian Particle Filtering

The Gaussian Particle filter [7], takes a different approach to
the above Gaussian filters in that it does not approximate all
the means and covariances in equations (14-18) but instead uses
Monte Carlo integration and importance sampling to approximate the Bayes filter directly. This approach has been extended
for more general probability distributions [17] within a Gaussian sum framework, and we have shown that this approach can
[
[
be extended to intensity functions [18]. Suppose that the GausXk = 
Yk|k−1 (x) ∪ 
Bk|k−1 (x) ∪ Γk . (43)
sian posterior density, N (ξ; mk−1 , Pk−1 ), is projected through
x∈Xk−1
x∈Xk−1
nonlinear state function ϕk−1 (·) with process noise Qk−1 . Then
we are required to calculate
where Yk|k−1 is the RFS of targets survived at time t from multiZ
1
N (x; ϕk−1 (ξ), Qk−1 )N (ξ; mk−1 , Pk−1 )dξ.
(39) target state Xk−1 at time k − 1, Bk|k−1 is the RFS of targets
spawned from Xk−1 and Γk is the RFS of targets that appear
Since the state function is nonlinear, there does not exist a spontaneously at time t. The multi-target measurement at time
closed form solution, so we resort to Monte Carlo integra- t is modelled by RFS
( j)
!
tion as follows, For j = 1, . . . , M, sample particles x
from

N (·; mk−1 , Pk−1 ) and

( j)
xk

k−1
( j)
(·; ϕk−1 (xk−1 ), Qk−1 ).

from N
the integral can be approximated with

Zk = Kk ∪

Then

[

Θk (x) ,

(44)

x∈Xk

where Θk (Xk ) is the RFS of measurements from multi-target
state
Xk and Kk is the RFS of measurements due to clutter.
j=1
The optimal multi-target Bayes filter propagates the multiwhich, by the strong law of large numbers, converges almost target posterior density p (·|Z ) conditioned on the sets of obk
1:k
surely to (39) as M → ∞. Kotecha and Djuric [7] showed that servations up to time k, Z , with the following recursion
1:k
the sample means and covariances converge to the MMSE of
Z
the means and covariances.
pk|k−1 (Xk |Z1:k−1 ) = fk|k−1 (Xk |X)pk−1 (X|Z1:k−1 )µs (dX),
Importance sampling is performed for the Gaussian predic( j)
(45)
tion density. For j = 1, ..., M draw sample particles xk from an
1
M

M

∑ N (·; ϕk−1 (xk−1 ), Qk−1 ),
( j)

(40)

(i)

importance function πk (·|Z k−1 , z) where j = 1, ..., M. Compute the weight
( j)
ξk (z)

=

( j)
ξk (z)

of each sample

( j)
xk

pk (Xk |Z1:k ) = R

according to

N (z; hk (x(k j) ), Rk )N (x(k j) ; mk|k−1 , Pk|k−1 )


( j)
πk xk |Z k−1 , z

.

M

∑ ξk (z) →

j=1

( j)

Z

(46)

where the dynamic model is governed by the transition density
fk|k−1 (Xk |Xk−1 ) and multi-target likelihood gk (Zk |Xk ) and µs
takes the place of the Lebesgue measure, as described in [19].
The function gk|k (Zk |Xk ) is the joint multi-target likelihood
function, or global density, of observing the set of measurements, Z, given the set of target states, X, which is the total
probability density of association between measurements in Z
and parameters in X. The parameters for this density are the
set of observations, Z = {z1 , ..., zk }, the unknown set of target

Choices for this importance function could include the associated prediction component, N (xk|k−1 ; mk|k−1 , Pk|k−1 ), or use
one of the Gaussian filter updated densities given above Gaussian with measurement zk . The sum of these weights converges
almost surely to
1
M

gk (Zk |Xk )pk|k−1 (Xk |Z1:k−1 )
,
gk (Zk |X)pk|k−1 (X|Z1:k−1 )µs (dX)

N (z; hk (xk ), Rk )N (xk ; mk|k−1 , Pk|k−1 )dxk ,

1 Note

(41)

tion.
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that the same notation is used for a random variable and its realiza-

3.3 Gaussian Mixture Implementations

states, X = {x1 , ..., xk }, the sensor noise distribution, or observation noise, clutter models, and the detection profile of sensor
or field of view.
The PHD filter is an approximation developed to alleviate
the computational intractability in the multi-target Bayes filter. Instead of propagating the multi-target posterior density in
time, the PHD filter propagates the posterior intensity, a firstorder statistical moment of the posterior multi-target state [2].
This strategy is reminiscent of the constant gain Kalman filter,
which propagates the first moment (the mean) of the singletarget state.
For a RFS X on X with probability distribution P, its firstorder moment is a non-negative function v on X , called the
intensity, such that for each region S ⊆ X [20]
Z

|X ∩ S|P(dX) =

Z

v(x)dx.

Along with the Gaussian model for individual targets, the
multi-target model includes certain assumptions on the birth,
death and detection of targets. We omit the labelling of the
Gaussian components to maintain target continuity [4] for simplicity of presentation. These are summarized below:
•. The survival and detection probabilities are state independent, i.e.
pS,k (x) = pS,k ,
pD,k (x) = pD,k .

(50)
(51)

•. The intensities of the birth RFSs is a Gaussian mixture of the
form
(47)

S

Jγ,k

(i)
(i)
(i)
In other words, the integral of v over any region S gives the exγk (x) = ∑ wγ,k N (x; mγ,k , Pγ,k ),
(52)
pected number
of elements of X that are in S. Hence, the total
i=1
R
mass N̂ = v(x)dx gives the expected number of elements of
(i)
(i)
X. The local maxima of the intensity v are points in X with the where Jγ,k , w(i)
γ,k , mγ,k , Pγ,k , i = 1, . . . , Jγ,k , are given model pahighest local concentration of expected number of elements, rameters that determine the shape of the birth intensity.
and hence can be used to generate estimates for the elements of
GM-PHD Prediction: Suppose that the posterior intensity at
X. The simplest approach is to round N̂ and choose the result- time k − 1 is a Gaussian mixture of the form
ing number of highest peaks from the intensity. The intensity is
Jk−1
also known in the tracking literature as the Probability Hypoth(i)
(i)
(i)
vk−1 (x) = ∑ wk−1 N (x; mk−1 , Pk−1 ).
(53)
esis Density (PHD) [2].
i=1

Substituting linear transition density fk|k−1 , posterior intensity
vk−1 and and birth intensity γk into the PHD prediction, we have

3.2 The PHD Recursion
Let vk and vk|k−1 denote the respective intensities associated
with the multi-target posterior density pk and the multi-target
predicted density pk|k−1 in the recursion (45)-(46).
The prediction equation is given by
vk|k−1 (x) =

Z

pS,k (ζ) fk|k−1 (x|ζ)vk−1 (ζ)dζ + γk (x),

vk|k−1 (x)
Jk−1

= pS,k

Jγ,k

∑ wk−1 N (x; mk|k−1 , Pk|k−1 ) + ∑ wγ,k N (x; mγ,k , Pγ,k ),
(i)

(i)

(i)

i=1

(54)

and the update equation is given by

Jk|k−1

vk|k−1 (x) =

vk (x) = [1 − pD,k (x)]vk|k−1 (x)
z∈Zk

(i)

where the means mS,k|k−1 and covariances PS,k|k−1 are computed with a Gaussian filter prediction.
GM-PHD Update: Suppose that the predicted intensity to
time k is a Gaussian mixture of the form

fk|k−1 (·|ζ) = single target transition density at time k,
pS,k (ζ)
= probability of target existence at time k,
γk (·)
= intensity of spontaneous births at time k,

pD,k (x)gk (z|x)vk|k−1 (x)

(i)

i=1

(i)

∑ κk (z) + R pD,k (ξ)gk (z|ξ)vk|k−1 (ξ)dξ

(i)

(48)

where

+

(i)

∑

i=1

(i)

(i)

(i)

wk|k−1 N (x; mk|k−1 , Pk|k−1 ).

(55)

(49) Substituting the prediction intensity vk|k−1 and linear Gaussian
observation gk into the PHD update equation, this simplifies to

where
Zk
gk (·|x)
pD,k (x)
κk (·)

=
=
=
=

vk (x) = (1 − pD,k )vk|k−1 (x)

measurement set at time k,
single target measurement likelihood at timek
probability of target detection at time k
intensity of clutter measurements at time k,

Jk|k−1

+

∑ ∑

z∈Zk j=1

( j)

( j)

( j)

wk (z)N (x; mk|k (z), Pk|k )

(56)

For simplicity we do not consider spawning in this paper. where the weights of the components are given by (57) and
It is clear from (48)-(49) that the PHD filter completely avoids the means and covariances are calculated with a Gaussian filter
the combinatorial problem that arises from the unknown associ- update.
ation of measurements with appropriate targets. Furthermore,
( j)
( j)
pD,k wk|k−1 qk (z)
since the posterior intensity is a function on the single-target
( j)
(57)
wk (z) =
Jk|k−1 (ℓ)
state space X , the PHD recursion requires much less computa(ℓ)
κk (z) + pD,k ∑ℓ=1
wk|k−1 qk (z)
tional power than the multi-target recursion (45)-(46).
5

(i)

The updated means mk (z)(i) and covariances Pk are calculated

4

with the chosen Gaussian filter and qk is either calculated by

3

(i)

x (m)

(i)

finding the predicted measurement, ẑk|k−1 and innovation co(i)
Sk|k−1 ,

variance,
for each component by approximating equations (15) and (16) or, in the case of the Gaussian Particle filter,
by computing the sum of the particle weights in equation (42).
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4 Simulations

2
1

In this section, we present simulated results for the different
Gaussian filters. We consider a standard state space model for
a single-speaker Time Difference Of Arrival (TDOA) problem.
The notation αk is used to represent the speaker location at the
kth time frame. By defining a state vector xk = [ αTk , φTk ]T ∈ Rn
where n is the state dimension and φk contains some kinematic
variables for the speaker motion (e.g., velocity), we model xk
by a dynamic process:
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time step

Figure 1: Unscented Kalman GM-PHD filter results
4

x (m)

3

xk = Axk−1 + Bwk

(58)

1

where A and B are some pre-specified matrices, and wk is a
time-uncorrelated random Gaussian vector with zero mean and
covariance I. In speaker location tracking, it is popular to employ the Langevin model in which φk consists of the (x, y) velocities. The state space equations for the Langevin model are
given by
αk = αk−1 + T φk−1
p
φk = e−βT φk−1 + ν 1 − e−2βT wk
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(59)
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Here, β and ν are model parameters called the rate constant and
Figure 2: DD2 GM-PHD filter results
the steady-state root-mean-square velocity, respectively.
Next, we consider the TDOA measurements. We denote by
[q]
zk the TDOA measured from the qth microphone pair at time 01])). and v = N(0; 4109) respectively. The probabilities of
k
frame k. The measured TDOAs are modelled by:
survival and detection are pS,k = 0.95 and pD,k = 0.7.
We have implemented four of the Gaussian filters for com[q]
[q]
zk = τq (Cxk ) + vk , q = 1, . . . , Q.
(61) parison on this non-linear tracking example, the unscented filter,the second-order divided difference filter, the Gaussian parHere, C = [ I 0 ] so that Cxk = αk ,
ticle filter and the Monte Carlo Kalman filter. In the Gaussian
1
τq (αk ) = c (kαk − u2,q k − kαk − u1,q k)
(62) particle filter and Monte Carlo Kalman filter, we use 100 samples for each component to ensure that the complexity is not too
is the true TDOA value, {u1,q , u2,q } are the position vectors of great. Not all of the Gaussian filters described previously will
[q]
be appropriate for this model; in particular the Kalman filter is
the qth microphone pair, and vk is time-uncorrelated noise. We
unsuitable and the extended Kalman filter generally has poorer
[q]
[p]
assume that vk is independent of vk for any q 6= p, and that performance than the unscented filter. Figures 1 to 4 show the
[q]
each vk follows a Gaussian distribution with zero mean and results of the filters on the same target measurements where
variance σ2v .
circles indicate target state estimates and the solid lines are
[q]
Let f (xk |xk−1 ) = N (xk ; Axk−1 , BBT ) and gq (zk |xk ) = the true trajectories. By inspection, the unscented filter idenN (zk[q] ; τq (Cxk ), σ2v ), be the state transition density and the like- tified and followed the correct target trajectories better than the
others, followed by the Gaussian particle filter, DD2 filter and
[1:Q]
lihood for the qth speaker respectively. Let z1:k define the Monte Carlo filter respectively. Whilst these results may be in[q]
sequence containing zi for i = 1, . . . , k and for q = 1, . . . , Q.
dicative of performance in this example, it should be stressed
The room has dimensions 3m × 3m × 2.5m, with four micro- that some of the other filters may perform better in different
phone pairs with spacing of 0.5m. The data has been partitioned non-linear environments. It should further be noted that the
into 60 frames of length 256ms to measure the TDOA. Two Gaussian mixture implementation of the Cardinalized PHD filspeakers enter and leave the scene at different times. The pro- ter [6] would be expected to outperform the PHD filter due to
cess and observation noises are wk = N([0; 0]; diag([0 : 01; 0 : its improved estimate of the target number.
6

5

This article presents a review of the Gaussian mixture implementations of the Probability Hypothesis Density filters. Although a closed form solution to the Gaussian mixture Probability Hypothesis Density filter only exists for linear-Gaussian
dynamical models, some non-linear dynamical models can be
accommodated by using Gaussian quadrature techniques. We
present a review of these Gaussian filtering techniques, including recent developments in this area. We then show how these
can be incorporated within the GM-PHD filter framework and
present some simulated results.
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